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Abstract-Two approaches have traditionally been used when general shell structures have been
analysed. The first approach has been devised by Kirchhoff and Love and later the model has been
improved by Koiter. A second class of models is based on the notion of surface introduced by
Cosserat. Naghdi has developed this model, where the Reissner-Mindlin-typc assumptions are
taken into account. In this paper we consider the shell model arising from the Naghdi formulation.
It is known that finite element schemes for this model suffer from both shear and membrane locking.
Several solutions to avoid the numerical locking have been proposed. Here a displacement finite
element scheme is developed using CO finite elements of hierarchic type with degrees ranging from
one to four. Two severe test problems are solved. The results show that good performances are
achieved by using high-order finite elements to solve the shell problem in its displacement formu
lation. The numerical results indicate that high-order elements perform very well in both test
problems and match all the available benchmark results. cD 1998 Elsevier Science Ltd.

I. INTRODUCTION

Several shell structures abound in nature, so it is not surprising that these efficient structural
forms have been used in many engineering works. It is well known that a shell is a three
dimensional structure where one dimension, the thickness, is smaller compared with the
remaining two dimensions. It can be derived from a thin plate by mitially forming the
middle plane to a curved surface. Under the action of external forces the shell, initially at
rest, is subject to deformation according to the laws of the three-dimensional elasticity.
Although the samt: assumptions regarding the transverse distribution of strains and stresses
are again valid, the way in which the shell supports external loads is quite different from
that of a flat plate.

As in the case of the plate bending model, even a shell model can be derived according
to different physical assumptions. When the fibers are supposed to keep normal to the
middle surface after deformation, i.e. the Kirchhoff hypothesis is assumed, the Koiter's
model is obtained (Koiter, 1970). When the normals to the undeformed middle plane
remain straight, but not necessarily normal to the deformed middle surface, i.e. the
Reissner-Mindlin hypothesis is assumed, another family of models is obtained (Naghdi,
1963,1972; Bathe, 1982; Hughes, 1987; Zienkiewicz, 1991).

The internal energy of the shell is the sum of the bending energy and the membrane
energy in the Koiter's model. With the Reissner-Mindlin assumptions, the energy due to
transverse shear appears as well. As regards the numerical analysis of the Koiter model we
refer to Bernadou and Boisserie (1982), where they prove the existence and the uniqueness
of the solution of the approximate problem. An overview of the main results is also given
in Bernadou (1994).

In the finite element approximation of shell models with Reissner-Mindlin assump
tions, two distinct classes of shell elements emerge:

• degenerate shell elements based on three-dimensional continuum theory;
• shell elements founded on the classical shell theory.

The degenerate solid approach is described firstly in the paper of Ahmad et al. (1970).
The works of Ramm (1977), Bathe and Dvorkin (1986), and Liu et al. (1966), among many
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others, are representative of such an approach. The degenerate solid approach discretizes the
fundamental equations of a three-dimensional continuum introducing simultaneously physi
cal assumptions at discrete points, usually applied in shell theory. Typical of this approach is
the isoparametric interpolation. Stresses and strains are analysed in a local or global orthog
onal Cartesian co-ordinate system, thus following the continuum-like approach.

The second afore-mentioned methodology represents a return to the origins ofclassical
shell theory, which has its modern point of departure in the pioneering work of Cosserat
(1909), further elaborated upon by a number of authors (Naghdi, 1972; Antman, 1976;
Simo et al. 1989a, 1989b, 1990b). The basic assumption of this theory is that the midsurface
of the shell is regarded as an inextensible one-director Cosserat surface. The underlying
kinematic assumptions associated with this description of the shell are the usual Reissner
Mindlin hypothesis. Typical of this approach is the exact analytical definition of the initial
geometry of the shell and the representation of the stress and strain state in curvilinear
coordinates.

It is known that, despite its simple approach, the discretization of the Reissner-Mindlin
model is not straightforward both in plates and shells frames. The inclusion of transverse
shear strain in the finite element models introduce an undesirable numerical effect, the so
called shear locking phenomenon. Consequently, as the thickness of plate and shell becomes
extremely thin, the shear strain energy predicted by the finite element analysis can be
magnified unreasonably, even though the average value of the shear strain over the area
tends to zero.

Finite element schemes for shell problems also suffer of the so-called membrane
locking, i.e. the finite element approximation of the membrane component of the energy is
unstable with respect to the thickness of the shell. The term membrane locking was coined
by Stolarski and Belytschko (1981), who showed that it is related to an inadequate repre
sentation of inextensional modes. Later, Leino and Pitkaranta (1992, 1994) have analysed
from a mathematical standpoint the membrane locking in a cylindrical shell problem and
has shown that in the standard finite element methods locking occurs especially at low
degrees of discretization. Several solutions to avoid the numerical locking have been pro
posed, mainly in the degenerate solid approach. Mixed formulations, reduced integration,
and its offspring, selective reduced integration, have been often used to mitigate the effects
ofshear and membrane locking (Belytschko et al., 1985; Bathe and Dvorkin, 1986; Bucalem
and Bathe, 1993). Arnold and Brezzi (1997) deal with a mixed formulation of the Naghdi
model, giving a family of locking free elements and proving the convergence of their
numerical approach.

Our basic idea is that of combining the Naghdi model, more close to the description
of the shell structure than the three-dimensional degenerate approach, with a displacement
formulation. For the numerical approximation we consider a family of finite elements of
hierarchic type, with degree ranging from one to four. The hierarchic structure allows the
computation of a sequence of solutions, useful for the assessment of the overall performance
of the finite elements. When the comparison between cost and accuracy is taken into
account, high-order finite elements need a smaller computational effort to achieve the
desired accuracy. In order to analyse the behavior of our finite elements respect to the
membrane and shear locking, we have dealt with two test problems often used to assess the
performance of numerical formulations based on the degenerated solid approach. The two
tests are representative of extremely discriminating situations.

The first one is the well-known Scordelis-Lo problem. It is a membrane dominated
problem and it is used to evaluate the ability of the shell elements to capture complex
membrane state of stress. We have evaluated, among others, displacement and strain
energy. The numerical results, especially for the elements of degree three and four, show a
good agreement with all the available benchmark results.

The second test refers to a pinched cylindrical shell. It is a bending dominated problem
and it is a severe test for a shell element performance with respect to both membrane and
shear locking. The numerical results agree with the values known in the literature. Our
numerical experiences indicate that high order elements perform very well in both the test
problems.
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The outline of the paper is the following. In Section 2, we describe the geometry of a
thin shell, after introducing the deformation assumptions and the related deformation
energy of the shell, we give the variational formulation of the Naghdi shell model. In
Section 3, we describe the approximate problem and the family ofhierarchic finite elements.
In Section 4, we deal with the Naghdi formulation for cylindrical shells. The stiffness matrix,
with all its components, is given. In Section 5, an extensive set of numerical results is
presented.

2. THE NAGHDI SHELL MODEL

2.1. Geometry ofa thin shell
Let [R3 be the usual euclidean space (0, x], X2, X3) and let n be an open bounded subset

of [R2 with closure O. Let (~], ~2) denote a generic point of the set O. Let ljJ be a smooth
one-to-one mapping of0 into [R3. The middle surface S of the shell (see Fig. 1) is the image
in [R3 of the set 0 through the mapping ljJ.

(1)

Thus we have S = ljJ(O). Let us set a. = ¢.• = aljJla~. (a = 1,2). the vectors a], a2 are
linearly independent at each point of0 and define the tangent plane to the midsurface Sat
each point ljJ(~], ~2)' Let a3 be the unit vector normal to the tangent plane. The set of vectors
a], a2, a3 define the covariant basis at the point ljJ(~], ~2)' The first fundamental form is
a.fJ = IX.' afJ' (a, fJ = 1,2), with a = det(a'fJ)' Denoting by a'fJ the components of the inverse
matrix to (a.fJ) , we introduce the contravariant basis a' = a·fJafJ and we set a3 = a3• The
second fundamental form is b'fJ = a3. a'.1l = a3' all., and the following relation holds:

2.2. The deformation assumptions
Different mathematical models for shells have been proposed. The Naghdi model

describes the deformation of a shell subject to a transverse loading when transverse shear
deformation is taken into account. In Naghdi approach constant shear deformations are
allowed across the thickness of the shell. The main assumption is that particles lying on the
direction of the vector a3 remain on a straight line during deformation, but the line does
not necessarily keep normal to the deformed middle surface. With such an assumption the
vector a3 is allowed a rotation ewith covariant components e], eZ, i.e. e= e,a'. Denoting
by af the vector a3 after deformation, we have af = a3 +e.a'. In the model proposed by
Naghdi the five unknowns are the covariant components Ui> i = 1,2,3, of the displacement

Fig. I. Definition of the middle surface.
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u = u;a; of the points of the middle surface S of the shell and the two components 8~ of the
rotation {} of the unit normal vector a3' Due to the mapping (I), the shell model reduces to
a two-dimensional model and we search for a solution in the plane (~l' ~2)' This approach
differs from the three-dimensional (3-D) degenerate model dealt with by many authors [see
Bathe and Dvorkin (1986)], where isoparametric type transformations are taken into
account.

2.3. The strain energy
For an arbitrary displacement field u E(H1(n))3 and rotation field {} E(H1(n))2, we

define the change ofcurvature tensor Y, the transverse shear strain tensor I:, the membrane
strain tensor A :

Y,p(u,8) = H8~,P +epl , - b~(uYIP-bl,pU3) -b)l(uYI. -by~U3)]

= He•.p+8Ii,~ -b;(u1',p- r;puo) -b)l(up - r~~uo)]

+ b;b1'pU3 - r~liO,j

I:,(u,8) = U31,+b;uy+8~ = u3,.+b;u1'+8.

A~p(u) = ~(U'IP + ufll~) - b.pU3 = ~(u~,p + up.•) - r~/luo - b./lU3 (2)

where r~p = q, = aO
• a/l., is the Christoffel symbol and the vertical line denotes the covari

ant derivatives: v~I/I = v~,/I - r~/lvo, v31P = V',ji'
Let us suppose that the shell is homogeneous and isotropic. As usual we denote by t,

E and v the thickness of the shell, the Young's modulus and the Poisson ratio, respectively.
The shell is subject to external forces acting on the middle surface of the shell, whose
resultant p can be written in terms of its covariant components p;, i.e. p = p;a'. The shell is
clamped on the subset of the boundary aso = t/J(ro) x [-tI2, tI2], where ro = ano is a non
empty subset of an. The strain energy t8 of the shell can be written as the sum of three
contributes: bending, shear and membrane energy. The energy functional has the following
form:

g(v, t/J) = gB(V, t/J) +gS(v, t/J) +gM(V)

t3 r ./lyo
gB(V, t/J) = 2 In ~12 Y.p(v, t/J)Yyo(v, t/J)fi d~ I d~2

gS(v, t/J) = ~ In G,/I 2(1~V) L~(V, t/J)Lp(V, t/J)fid~, d~2

gM(V) = ~ In 0'/11'0A'/I(v)Ayo(v)fid~l d~2

with

The load energy has the form

(3)

(4)
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(5)

Setting f = plt3 and scaling likewise the strain energy Iff, the total energy functional can be
written as:

(6)

According to the energy principle, the shell assumes a state of deformation such that
the tot~ energy IffT is minimized. We define V = {v EH1lf!) :vIr 0 = O} and
VS = {v, t/J): Vj, t/J,E V}. The solution of the Naghdi model is the pair (0, (J) such that:

(0, (J) = min IffT (v, f). (7)
(V,I")EV'

When a variational form of eqn (7) is considered, the solution is the pair (0,8) E VS such
that:

r a,pyJ - -In12Y,p(o, (J)YyJ(v, t/J)J7Jd~1 d~2

lr,p E - -r:.+ f In a 2(1 +v) I:,(o, e)I:p(v, t/J)v a d~ I d~2

+ ~ r a,pyJA,p(o)A)'J(v)J7J d~ I d~2
t2 In

= In fvJ7Jd~l d~2 V(V,f)E V 5

(8)

The previous problem is well posed, i.e. it has a unique solution [see Coutris (1978)]. The
following uniqueness and existence theorem holds:
Theorem. Let tPE(C3(O»3; let the measure ofro be >0, pE(L2(Q»3. Then problem (8) has
a unique solution.

3. THE APPROXIMATE PROBLEM

3.1. The discrete formulation
Following the ideas explained in the previous paragraph, we solve the approximate

problem on a plain domain. Let 0 be a polygonal domain. Let us introduce a decomposition
!Th of 0 into quadrilateral elements.Ph such that U&h E .5'h.Ph = O. Let Vh be a finite dimen
sional space such that Vh C V 5

• The approximate problem can be given the following form :

Find (Oh' e-;') E Vh such that:

i a·pyJ - -
L 12Y.p(Oh' (Jh)Y)'J(Vh, t/Jh)J7Jd~1 d~2

&h E .5'h &h

(9)

3.2. The finite elements for shells
We observe that the shell model we deal with allows the use of two-dimensional finite

elements. In recent papers [see Della Croce and Scapolla (l992a, 1992b») a family of
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Table I. Number of shape functions for different degrees

Degree Nodal s.f. Side s.f. Internal s.f. Total # sJ.

I 4 4
2 4 4 8
3 4 8 12
4 4 12 17

P 4 4(p-l) ~(P-2)(p-3) 4p+~(p-2)(p-3)

hierarchic finite elements has been developed to deal with Reissner-Mindlin plate problems.
The idea is to extend the features of such a family for the approximation of the shelJ
problems, where also membrane energy is involved. The basic ideas of hierarchic finite
elements are introduced in Babuska (1988), and Szabo and Babuska (1991). We remark
that the hierarchic structure alJows a consistent reduction of time in the computation of
the stiffness matrix for the lower degree elements. Moreover, the solutions corresponding
to different degrees for approximation can be usefully used for an assessment of the overalJ
results. In the following we consider a family of finite elements with degrees varying from
p = 1 to P = 4.

We consider the space

(10)

where

and Sp(2h) is constructed as follows. Let f!}p be the spaces of polynomials defined on the
square [- 1, I] x [- I, I] ofdegree less or equal p in the two variables. We take all monomials
of the space f!}p and we add the folJowing monomial terms:

(a) the monomial {xy} in the case p = 1;
(b) the monomials {xPy, xyP} in the case p ~ 2.

The basis functions obtained in this way are the shape functions for the quadrilateral
element. Referring to the classification of the shape functions suggested by Babuska (1988)
as nodal, side and internal functions, in Table I we give the number of shape functions
related to each unknown for general values of the degree p. We note that the following set
of five degrees-of-freedom is associated to each node: (e], ez, u], uz, U3)'

4. THE NAGHDI FORMULATION FOR CYLINDRICAL SHELLS

4.1. The mathematical model
Let us consider some model problems where the shape of the shell is cylindrical. In a

system of Cartesian coordinates (0, x], xz, X3), the region occupied by the midsurface of the
shell is:

(12)

where Land R are the length and the radius of the shell, respectively. Let us take a
curvilinear coordinate system (~l' ~z, ~3) placed at the centre of the upper part of the
midsurface, and ~l = X], ~z = Re, eE [-n. n]. The midsurface S of the shelJ is described by
the mapping:
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j
c/JI (CI, Cz) = CI

c/JZ(~I'~2) = Rsin(~zjR).

c/J3(~1'~2) == RCOS(~2jR)

1869

(13)

(14)

With such choices the region Q c 1R2 corresponding to the midsurface S is the rectangle:

Q = {(~J, ~2): -Lj2 < ~l < Lj2, -Rn < ~2 < Rn}. (15)

The geometrical features of the midsurface change as previously de;;cribed. Under the
previous geometrical assumptions the change of curvature tensor Y, the transverse shear
strain tensor ~, the membrane strain tensor A becomes as follows:

- 1( 1)Y22 (u, tJ) = tJ2.2+ Ii U2.2 + Ii U3

_ I
~2(U,tJ) = U3.2-Iiu2+tJ2

(16)

Let us denote with b(u, e; v, l[J) the bilinear form associated to the bending component of
the energy. We have:

2v _ _ _ _
+ I-v Y22 (u, tJ)Y II (v, t/J)+4Y,p(u, tJ)Y,p(v, t/J)

(17)

Let us denote with s(u, e; v, l[J) the bilinear form associated to the shear component of the
energy. We have:

s(u, 8; v, f) = 2(1~V) In(~,(u, e)~,(v, f) +~p(U,tJ)~p(v, f» d~1 d~2' (18)

Let us denote with m(u, v) the bilinear form associated to the membrane component of the
energy. We have:

(19)

The variational formulation (8) assumes the following form :
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j
Find (u,8) E V 5 such that:

- - 1 - - I i - 5 (20)b(u,8;v,l/f)+-s(u,8;v,l/f)+-m(u,v)= fvd~ld~2 V(U,l/f)EV'
t2 t2

fl

We remark that the formulation we have introduced differs from the one considered by
Leino and Pitkaranta (1994) due to the extra term I/R(u2,2+(l/R)u3) appearing in the
component r 22 of the curvature tensor.

4.2. The stiffness matrix
Let us give a matricial form of the approximation of problem (20). We consider a basis

for the space Wp (5"h) and denote by F the corresponding vector of shape functions, i.e.
F = (F" F2, ... , FN), where N is the dimension of the approximation space Wp(5"h)' We can
express the five unknown functions in terms of the functions F;, i = I, ... , N. We have:

IV

81(~h~2) = L AiFj(~h~2) = F'A
i=1

N

82(~1'~2) = L BjFi(~I'~2) = F'B
;=1

N

Ul(~h~2) = L CiFi(~h~2) = F·e
i=l

N

U2(~I'~2) = L DiFj(~I'~2) = F'D
i=1

We define the vectors

where

N

U3(~I'~2) = L EiFi(~1'~2) = F·E.
;=1

Hi = L.fF i = 1,2,3.

(21)

(22)

(23)

To compute the integrals we use (p+ 1) x (p+ 1) classical quadrature formulas of Gaussian
type. The matrix form of the discrete problem assumes the following form :

%G=H (24)

where % denotes the stiffness matrix, The expression of the elementary stiffness matrix for
an element 2!h E 5"h is given in Fig. 2, where the following notations have been used:

B = f FTFdxdy
.JIh

Bx = th FTF/x dx dy

Bxx = f F!xF/x dx dy
.JIh

(25)
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Cb[Brz + I;"B.,] Cb[vBx• + 1;"B.x]

+C.B

Cb[ ';"Brz + B••]

+C.B

o

o Cb [-kB •• + '21:' Bz> ]

--kC•B

Gb[Ji,-B•• + ~Bxo] GbpB. - -kG.B.T

+Cm [B•• + 1;"B",] +Cm kB.
+C.pB

GbpB+GmpB

symmetric +G.[Bxx + B ••]

Fig. 2. The stiffness matrix X,.

and

Er 2

Cs == 2(1 +0' (26)

5. NUMERICAL RESULTS

The model we have introduced, unlike the 3-D degenerate approach, does not involve
an approximation of the geometry of the shell and it describes the curvature of the shell
more accurately than in the model suggested by Leino and Pitkiiranta. However the locking
phenomenon is still present. Our basic idea is that of combining such a model, more close
to the description of the shell structure, with a simple displacement formulation. The
hierarchic structure of the finite elements allows us to increase the degree of approximation
without using more sophisticated formulations or special numerical techniques, as it is
usually done. We analyse the reliability of the model together with the finite element scheme,
and we compare the numerical results with the ones obtained in the 3-D degenerate
approach [see Bucalem and Bathe (1993)].

In this direction we consider two classical test problems. Thest: problems are dis
criminating [see Belytschko et al. (1985); Ibrahimbegovic and Frey (1994)] to test the
performance of the finite elements. We consider the Scordelis-Lo problem (Scordelis and
Lo, 1964) and the pinched cylinder with a diaphragm (Fliigge, 1973). The Scordelis-Lo
problem is extremely useful for determining the ability of an element to accurately solve
complex states of membrane strain. A substantial part of the strain energy is membrane
strain energy so the representation of inextensional bending modes is not crucial in this
problem. The pinched cylinder with a diaphragm is one of the most severe tests for both
inextensional bending modes and complex memhrane states. We briefly describe each of
the two test problems.

5.1. Scordelis-Lo problem
The problem deals with a cylindrical shell known in the literature as barrel vault. The

shell is described in Fig. 3. This typical shell is used in civil engineering using conventional
processes by Scordelis and Lo (1964). The essential features of such example can be also
found in Zienkiewicz and Taylor (1989, 1991), Bathe and Ovorkin (1986). The shell is
simply-supported on rigid diaphgrams and is free on the other sides. The shell is loaded by
its own weight P. The barrel vault is a portion ofcylindrical shell, with midsurface described
as follows:
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Rigid diaphragm
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Xl

Fig. 3. Scordelis-Lo roof.

s= {(X],X2,X3)EIR 3:-L/2<x, <L/2,

-Rsin(2n/9) < X2 < Rsin(2n/9),x3 > o,x~+x~ = R 2}. (27)

Applying the mapping (13) and (14) we get the following expression for n:

n = {(~l' ~2): -L/2 <~, < L/2, -R2n/9 < ~2 < R2n/9}. (28)

The physical data given in Table 2 have been assumed.
The covariant components of the vertical load are: PI = 0, P2 = -Psin(~2/R),

P3 = Pcos(~2/R). The barrel vault has a symmetric structure. Thus, the computations have
been performed only on a quarter of the shell, using a uniform decomposition. The following
symmetry conditions have been assumed:

U2(~]'0) = 82(~]'0) = °
Uj (0, ~2) = 81(0, ~2) = °

and the following boundary conditions are prescribed

(29)

(30)

F or each test, among others, displacement at the midpoint B of the free edge and the strain
energy have been computed. Let u~X(B) denote the exact displacement at the point B of the
shell and u3(B) the finite element solution. The relative displacement error is defined as

Table 2. Physical data

Quantity

Young's modulus
Poisson's ratio
thickness
radius
length
angle
load

Name

E

t
R
L
eo
p

Value

4.32 x 10'lb/ft'
0.0
0.25 ft
25 ft
50 ft
2nj9 rad
901bjft'
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Fig. 4. (a) Relative displacement error vs degrees-of-freedom for p = 2; (b) energy norm error vs
degrees-of-freedom for p = 2; (c) vertical displacement of the central section v;. angle of the roof

for p = 2; (d) longitudinal displacement of support vs angle of the roof for p = 2.

DE% = [(u~X(B)--U3(B))/u~X(B)] x 100. (31)

The exact strain energy is not available. Out of the discrete strain energy an extrapolation
has been made in order to get an accurate value of the energy. Let Eex denote such a energy,
let Eb be the discrete energy. We consider the energy norm error defined as

(32)

In Table 3 the normalized displacement, i.e. the ratio between computed and exact
solutions [see McNeal and Harder (1985)], is shown for several decompositions. We observe
that the performance is very poor for p = I. Reliable results are obtained for p = 2 only
with a substantially high number of degrees-of-freedom. For p = 3 and p = 4 the exhibited
performances are good even for low number of degrees-of-freedom. The results obtained
by our elements are competitive with respect to the available benchmark results.

In Figs 4-6 we report some numerical results. The results in the first set of drawings
have been obtained using the finite element of degree p = 2. Figure 4(a) shows the relative

Table 3. Degrees-of-freedom and related normalized displacement at point B ror p = 1,2,3,4

p= I u3(B) p=2 uJ(B) p=3 uJ(B) p=4 uJ(B)
d.o.f. d.oJ. d.o.f. d.o.f.

u~X(B) u;X(B) u;X(B) u;X(B)

60 0.033·2 255 0.8149 230 0.9343 345 0.9945
175 0.0694 395 0.9277 410 0.9881 625 0.9948
585 0.1342 650 0.9653 755 0.9940 1165 0.9951
825 0.1456 865 0.9795 1060 0.9946 2205 0.9954

1105 0.1742 1255 0.9895 1415 0.9949 3565 0.9958
2595 0.9938 2540 0.9954
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30001000 2000
degrees of freedom

2'----~---~.=..e---'

o

(b)
10

..
e 8
CD

E
0 6t::

~
Ql

4t::
Ql

30001000 2000
degrees of freedom

..g
Q)

Ci.
~0.8

.~
1il
~ 0.6

(a)
1.2r----m--~---__r_-----.

4030

't:oc.
c.
~
rn

Ci. -5
rn
'5
cil-l0
.§

(d)

o

(c\
t:: 0.1 r---,----r---~-__,
o

~
rn
"§
~ -0.1
u

~ -0.2
Ci.
rn
'5 -0.3
t::
Q)

> -0.4'---------~------' -15'---------~----'

o 10 20 30 40 0 10 20
angle angle

Fig. 5. (a) Relative displacement error vs degrees-of-freedom for p = 3; (b) energy norm error vs
degrees-of-freedom for p = 3; (c) vertical displacement of the central section vs angle of the roof

for p = 3; (d) longitudinal displacement of support vs angle of the roof for p = 3.
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Fig. 7. Barrel vault test: computed displacement at the point B (exact solut.on: 0.3024 ft).

normal displacement error at the point B vs the number of degrees-of-freedom (d.o.f.).
Figure 4(b) shows the energy norm error vs the number of degrees-of-freedom. In Fig. 4(c)
we report, for a prescribed mesh, the vertical displacement along the central section of the
shell vs the angle e. The decomposition is 9 x 7 with 1110 d.o.f. Figure 4(d) shows, for the
same mesh, the longitudinal displacement along the support vs the angle e.

In Figures 5(a--<l) and 6(a--<l) the same results are given for the element of degree p = 3
and p = 4, respectively. Figures 5(c,d) is related to a mesh 4 x 3, corresponding to 410
d.o.f., and the Figure 6(c, d) is related to 3 x 2 mesh, corresponding to 345 d.o.f. We note
that, both in the case of the relative normal displacement error and in the energy norm
error, a good rate of convergence is achieved if high-order are employed. The results in
Figures 4(c, d), 5(c, d) and 6(c, d) show an excellent convergence of the discrete solution
to the expected solution given by Zienkiewicz and Taylor (1991), even if coarse meshes are
used, especially for p = 3 and p = 4 elements. In Fig. 7, we show the behavior of the
computed displacement at the point B, compared with the exact value, against the number
of degrees-of-freedom, for p = 2, 3, 4.

5.2. Pinched cylindrical shell
The second test we consider is the one called pinched shell. This structure has been

analyzed in Bathe and Ho (1981), Belytschko et al. (1985) and the: essential shapes are
shown in Fig. 8. The pinched shell is simply supported at each end by rigid diaphragm and
singularly loaded by two opposed forces acting at midpoint of the shell. Due to the symmetry
of the structure the computations have been performed, using a uniform decomposition,
on a octave of the shell. Such a domain is described as

corresponding to the rectangle
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Rigid diaphragm support

Rigid diaphragm support
Fig. 8. The pinched cylinder.

n = {(~h~2):0 < ~I < L/2,0 < ~2 < Rn/2}. (34)

The physical data given in Table 4 have been assumed.
The following symmetry conditions are assumed:

U2(~1'0) = 02(~]'0) = 0

u\ (0, ~2) = 01(0, ~2) = 0

U2(~I,Rn/2) = 02(~hRn/2) = 0

and the following boundary conditions are prescribed

(35)

(36)

In Table 5 the normalized displacement, i.e. the ratio between computed and exact
solution [0.18248 x 10-4

, Fliigge (1973)], at the loaded point C is presented for several
decompositions. We can see that all the tested finite elements work reasonably well, with
only the element of degree p = 2 converging slowly.

Table 4. Physical data for pinched shell

Quantity Name Value

Young's modulus E 3xl06 psi
Poisson's ratio v 0.3
thickness t 3in
radius R 300 in
length L 600 in
load P lIb
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Table 5. Degrees-of-freedom and related normalized displacement at point C for p = 2, 3,4

1877

p=2 U3(C) p=3 u3(C) p=4 U3(C)
d.oJ. d.o.f. d.oJ.

u,X(C) u,X(C) u,X(C)

105 0.0443 165 0.1892 245 0.4737
480 0.3400 780 0.7971 805 0.8525

1705 0.7586 1845 0.9329 16l!5 0.9404
2405 0.8321 2805 0.9628 28l!5 0.9745

In Fig. 9(a, b) we consider the element of degree p = 2 and we show the behavior of
the quantity Etu3/P along the central lines DC and BC, respectively. Figure 9(c) shows the
quantity Etudp along the rigid diaphragm. The mesh 10 x 10 with 1705 d.oJ. is used. In
Figs IO(a---<:) and 11 (a---<:) we report the same results for the elements of degree p = 3 and
p = 4, respectively. The meshes are 8 x 8 for the element of degree 3 (1845 d.o.f.) and 6 x 6
for the element of degree 4 (1685 d.o.f.). In Fig. 12, we show the behavior of normalized
displacement at the point C for our elements of degree p = 3 and p = 4, compared with the
solution obtained solving the 3-D degenerate model with the classical16-node displacement
based shell element (Bucalem and Bathe, (1993). This element makes use of a complete
space of polynomials of degree 3, i.e. 16 degrees-of-freedom, while the corresponding
element of degree 3 in our family uses only 12 degrees-of-freedom. We use as index of mesh
refinement the number of nodes per side. It can be seen from the figure that both the
elements of degree p = 3 and p = 4 show good convergence properties and perform better
than the classical 16-node element.

6. CONCLUDING REMARKS

The numerical solution of thin Naghdi shell model with hierarchic finite elements has
been considered. The results show that good performances are achieved by using high
order finite elements to solve the shell problem in its displacement formulation. The numeri
cal results exhibit a good agreement with the values known in the literature. Our numerical
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Fig. 12. Normalized displacement for the serendipity elements of degree p = 3 and p = 4 and the
complete element of degree p = 3.

experiences, especially for the elements of degree 3 and 4, indicate that high-order elements
perform very well in both the test problems and match all the availabk benchmark results.
We observe that only rectangular decompositions have been considered in our numerical
works. It is known that distorted elements increase the computational error, especially for
low degree elements. Cost analysis should also be taken into account to compare the
performance of the different elements. We observe that the hierarchlc structure allows a
low cost computation of a sequence of solutions useful to assess the quality of the numerical
results.
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